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ABSTRACT 

It is known that the Poincaré interpretation of Lobachevsky’s geometry is used in solving many technical problems, in 

problems related to the theory of complex variable functions. 

In this article, we show the Poincaré interpretation of the Lobachevsky plane, which is interpreted in a circle in a plane, 

using one circle of a two-section hyperboloid, using the method of spatial representation, and the Lobachevsky axiom 

and the results derived from it are also valid. 
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INTRODUCTION

Lobachevsky's geometry, the first non-Euclidean 

geometry, only after its interpretations appeared, did 

the scientific mind believe that these concepts are 

logically correct. There are many geometric 

interpretations of Lobachevsky's geometry. The most 

famous of them is the Kelly Klein interpretation, and 

one of the interpretations related to many technical 

issues and used in the theory of complex variables is 

the Poincaré interpretation. 

The geometrical interpretations of Lobachevsky's 

geometry [3], [4] depend on how the basic concepts of 

planimetry, "point" and "straight line", are chosen 

from each other. Since the basic concepts are accepted 

without any definition, each teacher has his own idea 

about these concepts. In this article, we will get 

acquainted with the method of visualizing the 

elements of the Poincaré interpretation of 

Lobachevsky geometry using spatial forms. 

Poincaré's interpretation of Lobachevsky's geometry, 

like his Kelly Klein interpretation, is represented by 

points inside a circle on a plane. 
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In our previous works, we considered the spatial 

representation of the Poincaré model of the 

Lobachevsky plane. In this case, we adopted the 

following initial concepts and adopted the following 

definition. 

In the three-dimensional Euclidean space, let the 

surface π, which is one section of a two-section 

hyperboloid, and its asymptotic cone K be given. In this 

case, we choose the axis of symmetry of the cone K so 

that it coincides with its own axis, and the tip of the 

cone coincides with the origin of the coordinates. In 

that case, π surface and cone equations K are 

expressed in the following form. 

0:

1:

222

222

=−+

=−+

zyxV

zyx

 

In such a selection method, z=1 is the plane, 𝜋 is the 

projection plane for the surface, and intersects with 

the cone 𝐾 on a circle with the same radius 

122 =+ yx  (Fig. 3). 

 

Figure 3 

In this article, as in [2], we consider the points of the 

hyperboloid as the points of the Lobachevsky plane. In 

addition, let us denote by the set of conic cones 

𝐾(𝑊(𝑂1))whose ends are at the origin of the 

coordinates, and when all z=1 planes intersect, forming 

a circle, and these circles intersect the hyperboloid and 

are mutually orthogonal to the circle whose radius is 

equal to one. Let's look at the cone 𝐾 belonging to this 

set 𝐾(𝑊(𝑂1)). Naturally, this cone will be obtuse. 

Theorem. Any conic generator 𝐾 ∈ 𝐾(𝑊(𝑂1)) cuts one 

segment of the bisector hyperboloid π along the 

hyperbolic line 𝑙. 

Proof. Since the generators of the cone 𝐾 are 

orthogonal to the unit circle in the z=1 plane, it is 

natural that it intersects one segment 𝑧 > 0  of the 

two-section hyperboloid 𝜋. We called this section 

hyperbolic. Because this section asymptotically 

approaches the V cone generators passing through the 

points C and D, which are the points of the circle 

section. This follows from the fact that the cone 𝑉 is 

the asymptotic cone of the π hyperboloid. 

Description. K'∈K(W(O_1)) conic generators, the line 𝑙 

formed by the intersection of the hyperboloid 𝜋 with a 

circle is called a straight line in the interpretation of the 

Lobachevsky plane on the hyperboloid (Fig. 4).
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Figure 4 

Now we show that the Lobachevsky axiom and the results derived from it are appropriate for the spatial 

representation of the Poincaré interpretation of the Lobachevsky plane. 

Let us be given a regular cone 𝐾′ ∈ 𝐾(𝑊(𝑂1))and a point 𝑀 that does not belong to this cone and lies on the 

hyperboloid. Let 𝐾1, 𝐾2 ∈ 𝐾(𝑊(𝑂1))be given by such large cones. Let the point 𝑀 belong to the generators of these 

obtuse cones. The obtuse cone 𝐾′ ∈ 𝐾(𝑊(𝑂1)) lies inside both obtuse cones 𝐾1, 𝐾2 ∈ 𝐾(𝑊(𝑂1))and has no point in 

common with their generators (Fig. 8). 

 

Figure 8 
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Here, the intersection of the hyperboloid π with the 

cone generators 𝐾′ ∈ 𝐾(𝑊(𝑂1))forms the 

Lobachevsky straight line. The Lobachevsky straight 

lines 𝑙1 and 𝑙2 formed by the intersection of the 

generators of the obtuse cones 𝐾1, 𝐾2 ∈

𝐾(𝑊(𝑂1))and π with the hyperboloid are formed and 

they pass through the point 𝑀. From this, it is possible 

to draw two straight lines  𝑙1 and 𝑙2that do not 

intersect with this straight line through a straight line 𝑙 

and a point 𝑀 not lying on it. 

So, the Lobachevsky axiom is fulfilled for the spatial 

representation of the Poincaré interpretation of the 

Lobachevsky plane. 

Now we will consider the following conclusions from 

Lobachevsky's axiom. 

1-Conclusion. An infinite number of straight lines that 

do not intersect with the straight line l   can be drawn 

through the point 𝑀 that does not lie on the given 

straight line 𝑙 in the plane. 

We show that this result is valid for the spatial 

representation of the Poincaré interpretation of the 

Lobachevsky plane. 

We are given a regular cone 𝐾′ ∈ 𝐾(𝑊(𝑂1)) and a 

point M that does not belong to this cone and lies on 

the hyperboloid. Let there be hypercones 𝐾1, 𝐾2 ∈

𝐾(𝑊(𝑂1))  whose generators pass through the point 

𝑀, both of which include the hypercone 𝐾′ ∈

𝐾(𝑊(𝑂1)). Let's consider the obtuse cones 𝐾3, 𝐾4 ∈

𝐾(𝑊(𝑂1))such that the obtuse cone 𝐾3contains the 

obtuse cone 𝐾1, and the obtuse cone 𝐾4contains the 

obtuse cone 𝐾2, and at the point 𝑀 have it. Then 

𝐾3, 𝐾4 ∈ 𝐾(𝑊(𝑂1))and the Lobachevsky straight lines 

𝑙3 and  𝑙4 formed by intersection of the hyperboloid π 

pass through the point 𝑀 and the straight line 𝑙 does 

not lie passes through vertical angles. These straight 

lines 𝑙3 and 𝑙4 also do not intersect with the straight 

line 𝑙. Because in order to intersect with the straight 

line 𝑙, the straight line 𝑙3 must cross the straight line 

𝑙1 at some point 𝑁. This leads to the violation of 

Euclid's 1st postulate. Likewise, the straight line 𝑙4 does 

not intersect with the straight line 𝑙 (Fig. 9). 

 

Figure 9 
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From this it can be concluded that infinitely many 

straight lines can be drawn through the point 𝑀, which 

is not on the straight line l , and does not intersect with 

the straight line l . Because you can get as many cones 

as you like. 

2-Conclusion. Two parallel straight lines 𝑙 can be drawn 

to a given straight line through a point that does not lie 

on it. 

In order to show that this result is also valid, we are 

given a regular cone 𝐾′ ∈ 𝐾(𝑊(𝑂1))and a point M that 

does not belong to this cone and lies on the 

hyperboloid. Let 𝐾1, 𝐾2 ∈ 𝐾(𝑊(𝑂1))be given cones, 

whose generators pass through the point 𝑀, both 𝐾′ ∈

𝐾(𝑊(𝑂1)) and the generator of the asymptotic cone 

𝑉. The Lobachevsky straight lines  𝑙1 and 𝑙2 formed by 

the intersection of these obtuse cones and π 

hyperboloid are parallel to the straight line 𝑙. The 

reason is that we showed above what parallel straight 

lines look like (Fig. 10). 

 

Figure 10 

Therefore, the straight lines 𝑙1 and  𝑙2 are straight lines 

𝑙 passing through the point M and parallel to the 

straight line l. 

CONCLUSION 

In conclusion, it is possible to say that the Poincaré 

interpretation of the Lobachevsky plane in Euclidean 

space is the circle formed by the intersection of the 

two-section hyperboloid with one section and the 

asymptotic cone with the 𝑧 = 1 plane, which forms the 

orthogonal circles formed by the intersection of the 

generators of this ellipse as long as the Lobachevsky 

axiom is fulfilled for straight lines and hyperboloid 

points formed by the intersection of convex cones. 
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